We study a general D-dimensional Schwarzschild-type black brane solution of the Einstein-dilaton theory and derive, by using the holographic renormalization, its thermodynamics consistent with the geometric results. Using the membrane paradigm, we calculate the several hydrodynamic transport coefficients and compare them with the results obtained by the Kubo formula, which shows the self-consistency of the gauge/gravity duality in the relativistic non-conformal theory. In order to understand more about the relativistic non-conformal theory, we further investigate the binding energy, drag force and holographic entanglement entropy of the relativistic non-conformal theory. *
Introduction
For the last decade, the AdS/CFT correspondence [1] has been one of the interesting subjects for understanding the strongly interacting quantum field theory (QFT). Applying the AdS/CFT correspondence to QCD or the condensed matter system provided many interesting physical results like the phase structures [2, 3] , the universal ratio between the shear viscosity and entropy [4] - [14] , holographic superconductor [15] - [25] and strange metallic behavior [26] , etc. Recently, after assuming the gauge/gravity duality it was shown that the dual field theory of the Einstein-dilaton gravity can be described by a relativistic non-conformal theory [27] . In this model, due to the running dilaton, the DC conductivity obtained by the Kubo formula [4, 5, 27] shows the unexpected behavior, which may describe electrolyte or some chemical compounds. The real physics is not usually conformal except some critical phenomena like the phase transition and the RG fixed points. Therefore, it is required to generalize the AdS/CFT correspondence to the non-conformal case.
Here, we simply call such a generalized correspondence the gauge/gravity duality. Actually, it is not hopeful to prove the gauge/gravity duality because even in the AdS space there is no direct proof of the AdS/CFT correspondence. Instead, we will try to find some evidences for the gauge/gravity duality of a non-conformal theory.
In the Einstein-dilaton theory with a Liouville potential, there exists a Schwarzschild-type black brane solution which we call an Einstein-dilaton black brane (EdBB). Since its asymptotic geometry is not the AdS space and the induced metric on the boundary is given by the Minkowski metric, the gauge/gravity duality says that the dual theory should be a relativistic non-conformal theory. In order to understand more physical properties, one can apply the holographic renormalization to the Einstein-dilaton theory. In this paper, after finding an appropriate counter term we show that the resulting on-shell action and the boundary stress tensor are finite. Furthermore, we check the self-consistency of the gauge/gravity duality by showing that the thermodynamic quantities derived from the boundary stress tensor coincide with the results of the EdBB geometry.
Another interesting issue related to the self-consistency is the hydrodynamics. In the linear response theory of the QFT the macroscopic properties can be determined by the transport coefficients. Moreover, they can be represented by the background thermal quantities. For example, consider a thermal system with an energy density ǫ and pressure P . Then, the momentum diffusion constant of this system is given by (see [15] and references therein)
where η s is the shear viscosity. Note that in this calculation the microscopic details of the system is not important. If the EdBB is really dual to a relativistic non-conformal theory, the dual system should also satisfy this relation. Using the universality of the ratio between the shear viscosity and the entropy density [7, 15] 
as well as the thermodynamic results of the Einstein-dilaton theory, the momentum diffusion constant becomes
An alternative way to obtain the momentum diffusion constant is to investigate the holographic hydrodynamics of the metric fluctuations. For the self-consistency those two results should be the same. We show by applying the membrane paradigm [7] that the momentum diffusion constant obtained by the holographic method really satisfies the above relation (3) .
In order to understand more physical features of the relativistic non-conformal theory, we further investigate the holographic binding energies probed by an F1-and D1-string. In the boundary theory point of view, an F1-or D1-string represents the bound state of a pair of particles (fundamental excitations) or monopoles (solitons) respectively. In the AdS space, there is no physical difference between an F1-and D1-string due to the conformality or the trivial dilaton profile. However, in the relativistic non-conformal theory a monopole is distinguished from a particle because of the non-trivial coupling constant. The holographic results show that the binding energies of particles and monopoles are stronger in the non-conformal theory than in the conformal one. We also investigate the drag forces of a particle and monopole in the non-conformal medium. For a relativistic particle and monopole, the momentum exponentially decreases as time evolves. The dissipation rate of the momentum is proportional to temperature with a positive power depending on the non-conformality. In the non-relativistic case, the momentum decays with an inverse power law for a particle and with a power law for a monopole, in which the dissipation power is again determined by the non-conformality. Finally, we investigate the holographic entanglement entropy of the relativistic non-conformal theory. Recently, there was an interesting conjecture that in a small subsystem the entanglement temperature (or 'effective temperature') has a universal feature proportional to the inverse of the size [52] . Such a universality of the entanglement temperature also appears in the holographic relativistic non-conformal theory.
The rest of the paper is organized as follows: In Sec. 2, we explain our conventions and summarize the black brane thermodynamics. For checking the gauge/gravity duality of the relativistic non-conformal theory, in Sec. 3, we rederive the same thermodynamics from the boundary energy-momentum tensor constructed by the holographic renormalization. Applying the membrane paradigm in Sec. 4, we also show that the momentum diffusion constant obtained in the EdBB gives rise to the consistent result with the EdBB thermodynamic and satisfies the QFT relation (1) . Based on these self-consistencies of the gauge/gravity duality in the relativistic non-conformal theory, we further investigate the binding energies of particles and monopoles in Sec. 5 and the drag forces in Sec. 6. In Sec. 7, by calculating the holographic entanglement entropy, we show that the universal feature of the entanglement temperature conjectured in [52] is still valid even in the relativistic non-conformal theory. Finally, we finish our work with some concluding remarks in Sec. 8.
D-dimensional Einstein-dilaton black brane
Let us consider a D-dimensional Einstein-dilaton theory with a Liouville potential in a Lorentzian signature
where Λ is a negative constant. We simply call Λ a cosmological constant because it really becomes a cosmological constant for η = 0. In the above, η is an arbitrary constant representing the non-conformality of the dual theory. Taking a logarithmic profile for the dilaton field
where φ 0 and k 0 are two integration constants, an effective cosmological constant Λ ef f ≡ Λe ηφ 0 without loss of generality can be set to be
Note that since Λ is negative Λ ef f should also be negative. This fact implies that η is below the Gubser [28, 29, 30, 31] . Consequently, φ(r) is refined to
In terms of the refined dilaton field and the effective cosmological constant, the Einstein equation and the equation of motion for a dilaton become
Together with the logarithmic dilaton profile, the EdBB metric satisfying above two equations is given by
with a black brane factor
where i and j represent the spatial directions of the boundary space and the other parameters are
The asymptote of the EdBB metric reduces to
where the Poincare symmetry ISO(1, D − 2) of the boundary hypersurface at a fixed r is manifest. This fact implies that the dual field theory should be described by a relativistic QFT. For η = 0, the background geometry reduces to the asymptotic AdS space with an effective cosmological constant Λ ef f
which is exactly that of a general D-dimensional AdS space with an unit AdS radius R = 1. For η = 0, the asymptotic geometry is not the AdS space anymore and instead reduces to the hyperscaling violation form [32] - [41] . Therefore, one can easily see that the dual field theory is not conformal.
Before concluding this section, let us summarize thermodynamics of the EdBB obtained from the metric (10) . The Hawking temperature and the Bekenstein-Hawking entropy are
where V D−2 means the spatial volume of the boundary space. Other thermodynamic quantities, the internal energy E and the free energy F , are given by
Using the pressure defined by P = −
, the thermodynamic quantities of the EdBB satisfy the first law of thermodynamics as well as the Gibbs-Duhem relation, E + P V D−2 = T S BH . Following the gauge/gravity duality, these thermodynamic quantities can also be reinterpreted as those of the dual relativistic nonconformal theory.
Holographic renormalization of the Einstein-dilaton theory
In the AdS/CFT correspondence, the conformal symmetry usually plays an important role to match spectra of gravity with their dual operators. In the non-conformal case, although such a relation is not clear, we can still investigate some thermodynamic properties of the dual field theory through the gauge/gravity duality. If the on-shell gravity action is identified with the free energy of the dual field theory, we can easily derive the thermodynamic properties. In this section, we will show that the on-shell gravity action, after the appropriate holographic renormalization, really provides the consistent thermodynamics with the EdBB thermodynamics.
In order to describe a finite temperature system, it is more convenient to take into account an Euclidean version. With an Euclidean signature, the gravitational action of the Einstein-dilaton theory can be rewritten as
with
where g µν or γ ab is the Euclidean metric in the bulk or the induced boundary metric respectively. For a well-defined action variation, the Gibbons-Hawking term S GH is required. An extrinsic curvature tensor Θ µν is defined by
where ∇ µ and n ν mean a covariant derivative and an unit normal vector respectively. Since the GibbonsHawking term is a boundary term, it does not affect on the equations of motion.
Before evaluating the on-shell gravity action, it is worth noting that the on-shell gravity action usually suffers from the divergence when the boundary is located at r = ∞. To remove such an UV divergence, we should add appropriate counter terms which make the on-shell gravity action become finite [42, 43, 44] .
The correct counter term we find is
For η = 0 it reduces, after restoring the AdS radius R, to the usual one for AdS D space [42] 
In general, there exist additional counter terms proportional to the boundary curvature scalar or tensors.
However, since the boundary space of the EdBB geometry is flat with a Poincare symmetry SO(1, D−2), the counter terms associated with the curvature scalar or tensors automatically vanish. Therefore, the resulting renormalized action can be described by
Since the on-shell gravity action reduces to a boundary term, it can be naturally interpreted as a boundary quantity. Following the strategy of the AdS/CFT correspondence, it should be proportional to the free energy of the dual theory with providing the same thermodynamics derived in the EdBB geometry. Now, let us check that the renormalized on-shell gravity action really reproduces the results of the EdBB in (16) .
First, consider the Einstein-dilaton action. Using the Einstein equation in (8) , it simply reduces to
where τ is an Euclidean time with a periodicity β and d D−2 x = V D−2 is the spatial volume of the boundary space. In the above, r 0 is introduced to denote the position of the boundary which can be interpreted as an UV cutoff of the dual theory. After inserting solutions, (5) and (6), into (24) and evaluating it, we finally reach to
which diverges as r 0 → ∞ because of c > 1. Similarly, the Gibbons-Hawking term and the counter term result in
Summing all results, the exact renormalized action finally becomes
For r 0 → ∞, the renormalized on-shell action simply reduces to
Like the AdS/CFT correspondence, the free energy of the dual theory can be defined by F = S/β which gives rise to the same free energy in (17) . Now, let us evaluate the boundary energy-momentum tensor. From the gravitational action in (18), the corresponding boundary stress tensor defined by
and the contribution from the counter term is
where the indices, a and b, imply the directions of the boundary space and time. So the renormalized stress tensor is given by the sum of them
The explicit form of the renormalized boundary energy reads
and the pressure becomes where the pressure is the same as −F . If we put an UV cutoff into infinity r 0 = ∞, the energy and pressure are simply reduced to
These results show that the holographic renormalization of the Einstein-dilaton theory reproduces the exact same EdBB thermodynamics when the boundary is located at infinity.
At zero temperature (r h = 0), the free energy and the internal energy of the dual theory become zero. In [27] , it was shown that for η 2 ≥ 8/(D − 2) the EdBB and its dual theory are thermodynamically unstable. In the parameter range η 2 < 8/(D − 2), the free energy at finite temperature is always negative. Therefore, if we do not insert an IR cutoff by hand there is no Hawking-Page transition and the EdBB geometry is always preferable. This result is qualitatively the same as one obtained in [45] , where a different renormalization scheme, the so-called subtraction method, was used. Now, let us consider the UV cutoff dependence of the free energy. If we interpret the position of boundary as the energy scale of the dual theory, we can see how the free energy depends on the energy scale of the dual theory. In Fig 1, we draw the free energy depending on r 0 for η = 0 and 1, which shows that the free energy monotonically decreases as the energy scale of the dual theory decreases.
Following the definition of the equation of state parameter, it becomes in the dual relativistic nonconformal system
where the second term represents the deviation from the conformal one. This result also shows that the sound velocity of the relativistic non-conformal medium
is always smaller than that of the relativistic conformal one,
Membrane paradigm
In the previous section, the thermodynamic properties of a relativistic non-conformal system has been investigated by using the holographic renormalization. In this section, we will study the macroscopic properties, especially the hydrodynamic transport coefficients of the membrane paradigm [7, 9, 10] , and compare them with the results of the Kubo formula [27, 45] .
Charge diffusion
In order to describe the charge diffusion process in the relativistic non-conformal medium, we need to introduce a Maxwell term describing U (1) gauge field fluctuations on the EdBB. Due to the existence of the nontrivial dilaton field, the Maxwell term can have a more general gauge coupling depending on the radius
where g 2 0 is a constant and a new parameter α describes the strength of the gauge coupling. Usually, the vector fluctuations can be divided into two parts: if the fluctuation moves in the y-direction with a momentum k, one is the longitudinal modes, A t and A y , and the other is the transverse modes A x (where x means all transverse directions) in the A r = 0 gauge. Since the charge diffusion process is related to the motion of the longitudinal modes, we concentrate only on the longitudinal modes from now on. In the hydrodynamic limit (ω ∼ k 2 , ω << T H , and k << T H ), the Fourier mode expansions of the longitudinal modes become
These longitudinal modes satisfy two dynamical equations, the current conservation and the Bianchi identity.
In terms of current j µ , the governing equations are [7] 
Combining these equations, one can easily derive a flow equation for the longitudinal conductivity defined
In the zero frequency limit, we can see that the longitudinal conductivity reduces to the DC conductivity and that it is independent of the position of the membrane. Furthermore, imposing the regularity of the conductivity at the horizon the DC conductivity leads to
For the special values of α, 0 and −η/2, the above DC conductivity reproduces the coincident results obtained by the Kubo formula [27] . From the general DC conductivity in (46), we can see that the DC conductivity of the relativistic non-conformal theory is always positive and real because the range of η should be constrained to η 2 < on what the charge carriers are. For example, the electric property of the metal is mainly governed by the motion of electrons, whereas the motion of ions is important to understand the electric properties of the electrolytes or chemical compounds. As a result, we can say that the parameter α provides the information for the charge carrier in the dual field theory.
In the hydrodynamic limit (ω, k << T H ), the flow equation of the longitudinal conductivity reduces to
According to the holographic renormalization, the radial position of the membrane r m can be identified with the energy scale of the dual field theory. Using the fact that the DC conductivity plays a role of the initial data for the conductivity flow [7] , integrating (47) from r h to r m gives rise to the following longitudinal
where the charge diffusion constant D e (r m ) depending on the energy scale is given by 
For a positive δ or α <
, the charge diffusion constant of the dual field theory is well-defined in the limit of r m → ∞. Otherwise, it diverges at the infinity. For a well-defined hydrodynamic transport coefficients at the asymptotic boundary, we concentrate only on the positive δ from now on. Then, the general charge diffusion constant at the asymptotic boundary becomes
In the 4-dimensional case, the charge diffusion constant at the asymptotic boundary is consistent with the result of the Kubo formula [27] . For more understanding, we take a special value of α, for simplicity α = 0. Since η is always smaller than 8 D−2 due to the thermodynamic stability, the charge diffusion constant increases with η. This fact implies that the charge diffusion constant of the non-conformal medium is larger than that of the conformal one. Moreover, since the half life-time of the quasi normal mode in the diffusion process is inversely proportional to the charge diffusion constant and the square of the momentum, the above result also implies that the quasi normal mode decays more rapidly in the non-conformal medium.
Lastly, we can easily see from (49) that the charge diffusion constant decreases monotonically as the energy of the dual theory runs from UV to IR (see Fig. 2 ).
Momentum diffusion
As shown in [6, 7] , the relevant equations for gravitational shear modes h x t and h x y , can be mapped to an electromagnetic problem. If we set h x t = a t and h x y = a y , the action for the shear modes reduces to
where α and β imply the longitudinal direction t or y. F αβ is the field strength of a t and a y , which in terms of metric fluctuations is given by F αβ = ∂ α h x β − ∂ β h x α . This action for shear modes is exactly the standard Maxwell form with an effective coupling g 2
So we can immediately take over all results of the previous section.
The counter part of the DC conductivity denoted by σ G becomes
Notice that the Bekenstein-Hawking entropy density s can be written as
From the celebrated universality in (2), one can easily see that σ G is nothing but the shear viscosity η s and that the result is the expected one in the Kubo formula [45] .
Similarly, we can also easily evaluate the retarded Green function of the shear modes
where the momentum diffusion constant D s (r m ), by taking the analogy to the charge diffusion constant, is
Below the crossover value η 2 < 8/(D −2) [29, 30, 31] where the black brane is thermodynamically stable, γ is always positive. If we put the membrane at the infinity and rewrite the momentum diffusion constant in terms of temperature, the momentum diffusion constant has the form expected by the EdBB thermodynamics which shows the self-consistency of the gauge/gravity duality in the relativistic non-conformal medium. In addition, this result implies that the corresponding quasi normal mode decays rapidly at high temperature, whereas the momentum diffusion constant does not depend on the non-conformality unlike the charge diffusion constant. Finally, we plot the momentum diffusion constant depending on the energy scale in Fig.   3 . It shows, similar to the charge diffusion constant, the monotonically decreasing behavior with decreasing energy.
Binding energies of particles and monopoles
In the holographic QCD, the binding energy of quark and antiquark is described by a temporal Wilson loop, which in the string theory corresponds to the trajectory of the open string ends. In this section, we will investigate such a binding energy in the relativistic non-conformal medium. Before starting the calculation, it is worth to note that there is no difference between a fundamental string (or F1-string) and D1-brane (or D1-string) in the AdS space if we ignore the gravitational backreaction of the them. However, that is not true in the EdBB geometry due to the nontrivial dilaton profile. The metric usually felt by an open string is not in the Einstein frame but rather in the string frame represented as [46, 47, 48 ]
where the Einstein metric is given by (10) . Due to the nontrivial dilaton field, the string actions for them usually have the different φ-dependence. Since the end of an F1-and D1-string corresponds to a particle and monopole respectively, we can easily expect that the binding energies of particles and monopole are different in the relativistic non-conformal theory. So, the goal of this section is to investigate the binding energies of particles and monopoles as well as to study the effect of the non-conformality on them.
In order to investigate the binding energy of two fundamental particles, we take into account the NambuGoto action of a fundamental string
where G µν is the space-time metric in the string frame. In the static gauge with the metric in (10)
assuming that the end points of string are located at {r, x} = {∞, ±l/2}, then the string action simply reduces to
where β is the time interval and dot means a derivative with respect to x. Using the analogy to mechanics, the conserved Hamiltonian after regarding x as time is given by
If r has a turning point or minimum value r * satisfyingṙ * = 0, the existence of such a turning point implies that particle and antiparticle are connected by a string which corresponds to the bound state of particles.
The absence of no turning point says that an open string connecting two particles divides into two straight strings describing free particles. First, we concentrate on the string configuration with a turning point at which the above conserved Hamiltonian is still satisfied
with φ * = φ(r * ).
After introducing a rescaled coordinater = r/r * , comparing above two Hamiltonians gives rise to information for the interdistance between particles in terms of the turning point
where f (r) = 1 −r c h /r c , f (1) = 1 −r c h andφ = φ(r). In addition, an unrenormalized energy of a pair of particles becomes
In the asymptotic region (r → ∞), the unrenormalized energy has the following approximate form
Since 1 − k 0 /2 > 0 for η 2 < 8 D−2 , the unrenormalized energy diverges whenr → ∞. In order to define the binding energy well, we need to renormalize it by adding an appropriate counter term. In the holographic QCD, this kind of divergence appears due to the infinite masses of two quarks described by straight strings. Therefore, we can remove the above divergence by subtracting the infinite particle masses. To do so, we parameterize two straight strings as τ = t, σ = r, and
Then, the energy of two straight strings is given by
which corresponds to the rest mass of two particles and can exactly cancel the divergence of the unrenormalized energy. The renormalized energy of a pair of particles becomes
which corresponds to the well-defined binding energy between particle and antiparticle. Now, let us consider the low temperature case (r h = r h /r * ≪ 1), in which the interdistance and the binding energy of a pair of particle have the following expansion forms
where ellipsis means higher order corrections and
In the zero temperature limit (r h → 0), the binding energy shows a Coulomb-like potential with a power depending on the non-conformality
For the conformal theory (η = 0) dual to the AdS space, the binding energy is given by the Coulomb potential proportional to l −1 , as expected by the conformality. For 0 < η < 1/2, γ is positive and smaller than 1. This implies that, when comparing with the conformal case, the magnitude of the binding energy in the non-conformal medium slowly decreases as the interdistance of two particles increases. Interestingly, the Coulomb potential inversely proportional to the interdistance again appears at η = 1/2. Finally, for
D−2 the binding energy is steeper than one of the conformal case. In order to investigate the thermal correction at low temperature, we need to rewrite r * in terms of l and r h . To do so, let us set
where δ corresponds to the first thermal correction and is a function of l and r h . Since (77) should satisfy (72) at least at the first order of correction, δ must be
Inserting this result together with (77) into (73) gives rise to
where K is given by
and r c h is related to temperature
As a result, the first thermal correction to the binding energy is proportional to
This result shows that the thermal correction to the binding energy nontrivially depends on the interdistance and temperature with the power determined by the non-conformality and dimension. Especially, for the conformal case η = 0 the first thermal correction is proportional to At finite temperature, the binding energy of particles is calculated numerically in Fig. 4 . This result shows that the magnitude of the binding energy increases with increasing non-conformality η.
It is also possible to think of the binding energy for a pair of monopole and anti-monopole by considering a D1-string instead of an F 1-string. In the dual theory, the end of D1-string correspond to a monopole or antimonopole whereas the end of a fundamental string describes a fundamental particle. In the AdS background, since there is no nontrivial dilaton profile, the binding energy of a pair of monopole and anti-monopole is the same as one for particles. However, there exists a nontrivial dilaton field in the dual geometry of the relativistic non-conformal theory, so the binding energy is different from the F 1-string result. In order to investigate the binding energy of a pair of monopole and anti-monopole, we should consider a Nambu-Goto action of a D1-string in the string frame, which contains an extra dilaton field contribution
where the same parameterization (62) is used. In terms of the dimensionless coordinater, the interdistance of two monopoles can be rewritten as
where f (r) = 1 −r c h /r c andφ = φ(r), and the unrenormalized energy is
Similar to the F 1-string the divergence of the above unrenormalized energy can be renormalized by the following counter term, which corresponds to infinitely massive two monopoles described by two straight D1-strings,
where the same parameterization in (69) is used. Then, the resulting renormalized binding energy of a pair of monopole and anti-monopole reduces to
At low temperature (r h = r h /r * ≪ 1), the interdistance and energy of a pair of monopoles have the following expansion forms
where
Similar to (77), r * can be rewritten in terms of l and r h as
Inserting this result into the binding energy, we finally obtain
where χ and L are given by
As a result, the first thermal correction is proportional to
Unlike the binding energy of particles, the first thermal correction of monopoles has the same dependence on the interdistance and temperature. Similar to the particle case, the magnitude of the binding energy of monopoles at finite temperature increases as the non-conformality increases (see Fig. 4 ).
Drag force
In this section, we will investigate the drag force of an external particle and a monopole in the non-conformal medium. As mentioned before, the action describing the motion of an F 1-or D1-string is defined in the string frame [51] . In the Einstein-dilaton theory, due to the nontrivial dilaton profile the Nambu-Goto action has an additional contribution from the dilaton field unlike the AdS case. In the static gauge τ = t , σ = r and
the Nambu-Goto action reduces to
where the prime means the derivative with respect to r and ζ is +1 or −1 for an F 1-or D1-string respectively 1 . The conserved quantity, when regarding r as a time, is represented as
where we set 2πα ′ = 1. Rewriting x ′ as a function of Π x gives rise to
For a well-defined x ′ , the inside of the square root should be always positive. However, there exists a point r s at which f (r s ) = v 2 is saturated, so the denominator should also change its sign at that point. In terms of r h , r s becomes
and the conserved momentum is expressed by
where δ = 4a 1 − ζk 0 .
The momentum flow along the string is represented by [51] 
where the worldsheet current P α µ carried by a string with a nontrivial dilaton field is given by
Then, the drag force dp 1 dt reads dp
where G x 1 ν is the metric of the target space-time and g rα is the inverse of the induced worldsheet metric.
Using (100) and (101), the drag force becomes dp
where the integral (102) is evaluated at the asymptotic boundary. This result guarantees that the momentum decreases as time evolves. In particular, for the AdS 5 space where η = ζ = 0 it reproduces the result of [51] .
Rewriting the above result in terms of physical quantities leads to dp
where m and p 1 is the mass and the momentum of a particle or monopole depending on the value of ζ.
In the non-relativisitic limit (m ≫ p 1 ), the momentum decreases exponentially
where p 1 (t 0 ) is the momentum at t = t 0 . The above result also shows that the drag force of a monopole (ζ = −1) increases more rapidly than the one of a particle (ζ = +1) as temperature increases. In the relativistic case (m ≪ p 1 ), the momentum decreases in power-law,
where p 0 expresses the momentum at t 1 = 0. For more understanding, if rewriting c c−δ in terms of intrinsic
it reduces to
Assuming that η is positive, the thermodynamically stable parameter range of η for D = 4 is given by 0 ≤ η < 2. In this parameter range, c c−δ is always negative regardless of ζ. Therefore, the momenta of a particle and a monopole decreases as the inverse power of time
where γ = c δ−c > 0. In the thermodynamically stable parameter range for D = 5, c c−δ is always negative for a particle and positive for a monopole. So the momentum of a monopole gives rise to
while a particle shows the inverse power law behavior in (112). In all cases, the momentum decreases more rapidly at high temperature.
Holographic entanglement entropy
Recently, there was an interesting conjecture that in a small subsystem the entanglement temperature has a universal feature proportional to the inverse of the size l [52]
In this section, we will check such a universal feature in the relativistic non-conformal theory. Before doing that, we first check whether the EdBB can provide a consistent dual geometry or not following [36] . To do so, it is more convenient to rewrite the metric as the hyperscaling violation form. After introducing
the metric becomes
where the black brane factor f (u) is
Here, the hyperscaling violation exponent θ is given by
Now, let us concentrate on the symmetry of the asymptotic geometry. Since the boundary is located at u = 0 in the new coordinate, the asymptotic metric reduces to
Under the following scaling transformation t → λt , u → λu , and
the metric transforms as ds 2 → λ 2θ/(D−2) ds 2 , in which the nonzero value of θ indicates the breaking of the conformal symmetry of the dual field theory. Nevertheless, the rotational and translational symmetries of the boundary space represent that the dual theory is still relativistic. As a result, the dual theory of the EdBB geometry maps to a relativistic non-conformal field theory. In this case, the null energy condition
For a consistent gravity dual, θ should satisfy this null energy condition [36] . Since θ in (118) satisfies the null energy condition for all ranges of η
the EdBB geometry (119) is a consistent gravity dual of a relativistic non-conformal field theory. Although the entire ranges of η provide a consistent gravity dual, only the range, η 2 < 8/(D−2), is thermodynamically stable. Now, let us study the holographic entanglement entropy of such a relativistic non-conformal theory by using a D − 2-dimensional strip [53, 54] . A strip in the EdBB background can be parameterized by
where L corresponds to the interval of x i and we assume that l ≪ L. Since the strip is extended in the radial direction u, its profile can be represented as a function of x 1 , u = u(x 1 ), with the following boundary
where ǫ is an appropriate UV cut off of the radial coordinate. The area of the strip then becomes
where the prime implies a derivative with respect to x 1 . If regarding x 1 as a time, the conserved energy density is given by
If the size of the subsystem is small (ũ h >> 1), after removing the UV divergence, the distance and area of strip can be expanded into
In order to describe the entanglement entropy in terms of the system size, we need to rewrite u max in terms of l and u h . To do so, we first set u max to
where δ is a small function of l and u h . Then, the first term satisfies the zero temperature result in (130), whereas the second corresponds to the leading thermal correction. In order to satisfy (136) at least at order
When substituting this result into (137), the area of strip becomes up to order of u
where M is given by
Using the following relation together with (139)
the entanglement entropy in the small size limit leads to
where the first term represents the entanglement entropy at zero temperature and the second is the leading thermal correction. In other words, the leading temperature-dependent entanglement entropy is proportional 
which corresponds to the entropy increase caused by the excited states. Using the fact that the boundary energy density in (34) is proportional to r c h only, we can easily evaluate the total energy of strip when the strip distant l in (123) 
These results show that the leading temperature-dependent entanglement entropy and the energy of the excited states depend nontrivially on the Hawking temperature T , which is the temperature of the thermal equilibrium. However, the ratio of them is independent of the Hawking temperature
which shows the universal feature conjectured in [52] . Introducing a entanglement temperature inversely proportional to the distance l, the first law of thermodynamics is satisfied even in the relativistic nonconformal theory.
Discussion
In the D-dimensional Einstein-dilaton theory with a Liouville potential, a Schwarzschild-type black brane solutions is allowed and its asymptotic geometry has the ISO(1, D − 2) symmetry group. Following the gauge/gravity duality, this isometry group can be reinterpreted as the Poincare group of the dual theory defined on the boundary. In this case, because there is no scaling symmetry the dual theory becomes a relativistic non-conformal theory. In this paper, we have investigated the thermodynamic properties of the relativistic non-conformal theory by using the holographic renormalization. After introducing a correct counter term, we have evaluated the finite boundary stress tensor and showed that the thermodynamics derived from it coincides with that of the EdBB geometry. Furthermore we showed, after identifying the radial coordinate with the energy scale of the dual theory, that the free energy of the relativistic nonconformal theory monotonically decreases along the change of the energy from UV to IR.
For checking the self-consistency of the gauge/gravity duality in the Einstein-dilaton theory, we studied the hydrodynamics of the dual theory by using the membrane paradigm. The resulting transport coefficients coincide with those obtained by the Kubo formula. Furthermore, the thermodynamic quantity, ǫ+P , read off from the momentum diffusion constant is also consistent with the QFT result. The charge and momentum diffusion constants monotonically decreases as the energy of the dual theory decreases.
Although the microscopic theory dual to the EdBB and the exact map between the bulk fluctuations and their dual operators are still unclear for the non-AdS geometry, our work shows the possibility to generalize the AdS/CFT correspondence to the non-AdS space. Based on such self-consistencies of the thermodynamic and macroscopic properties, we further investigate some physical properties of the relativistic non-conformal theory, the binding energies of particles and monopoles and the drag forces of them. Due to the non-trivial coupling constant described by the dilaton, a particle and monopole have different physical properties in the non-conformal medium whereas they are indistinguishable in the conformal theory, For example, for η = 1 the binding energy of monopoles is stronger than that of particles. When the motion of a particle and monopole is non-relativistic in the 4-dimensional relativistic non-conformal medium, the momentum of a particle dissipates with a power law while a monopole has the dissipation with an inverse power law. For a non-relativistic particle and monopole, the momentum dissipates exponentially. In all cases, the dissipation rate is given by a function of the non-conformality. We lastly showed that the universal feature of the entanglement temperature also appears in the relativistic non-conformal theory.
The gauge/gravity duality in the non-AdS space is one of the important issues, so it remains interesting to investigate the microscopic aspects of it and to apply it to the real physical systems. We hope to report more results in the future works.
